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Muchnik[9, 1963] $\leq_{w}$ $\mathcal{D}_{w}$
Kihara[5, 2009] $\leq_{b}$
$b$ $\mathcal{D}_{b}$ 1 $\mathcal{D}_{l}$ Kihara[5],
Higuchi&Kihara[3]
$2^{\omega}=\{f|f:\omegaarrow\{0,1\}\}$ ( $=$ $\Pi_{1}^{0}$ )
$\mathcal{P}_{s},$ $\mathcal{P}_{w}$ , $\mathcal{P}_{b},$ $\mathcal{P}_{l}$
$\mathcal{P}_{w}$
[11, 10, 13], re.
Turing $\mathcal{T}_{T}$ $\mathcal{P}_{w}$ Simpson[10]
$\mathcal{P}_{s},$ $\mathcal{P}_{w}$ , $\mathcal{P}_{b}$ , $\mathcal{P}_{l}$
$\mathcal{P}_{l}$ (
)






$\omega=\{0,1,2, \cdots\}$ , $\omega^{\omega}=\{f|f:\omegaarrow\omega\}$ ,
$2^{\omega}=\{f|f:\omegaarrow\{0,1\}\}$ , $\omega^{<\omega},$ $2$ $2^{<\omega}$
$\omega^{\omega}$ (resp. $2^{\omega}$ ) $\omega$ (resp. $\{0,1\}$ )
$2^{td}\subset\omega^{\omega}$ ” $2^{\omega}$
$P,$ $Q\subset\omega^{\omega}$ $P$ $Q$ $s$ $(P\leq_{s}Q)$
$\Phi$ : $Qarrow P$ $Q$
$P$ $P$ $Q$ $w$ $(P\leq_{w}Q)$
$Q$ $P$
$(\forall q\in Q)($ $p\in P)[p\leq\tau q]$
$\leq\tau$ $\{\Phi_{e}\}_{e\in\omega}$
$A$ $B$
$F:A\supsetarrow B$ $a\in A$ $a$ $\in$ dom(F)(resp. $a\not\in$ dom$(F)$ ) $F(a)\downarrow$ (resp. $F(a)\uparrow$ )
$P$ $Q$ $b$ $(P\leq bQ)$
$(\exists b\in\omega)(\forall q\in Q)(\exists e\leq b)[\Phi_{e}(q)\downarrow\in P]$
1 $\alpha\in\omega^{\leq\omega}(=$
$\omega^{<\omega}\cup\omega^{\omega})$ lh $(\alpha)$ $\alpha$ $n\leq$ lh $(\alpha)$ $\alpha rn$
lh$(\alpha)=n$ $(\forall i<n)[\alpha(i)=(\alpha rn)(i)]$
$\omega^{\leq\omega}$ $\Psi$ : $\omega^{<\omega}\supsetarrow\omega$ $Q$
$(\forall q\in Q)(\forall n\in\omega)[\Psi(qrn)\downarrow$ $\lim_{narrow\infty}\Psi(qrn)$ $]$
$\lim_{narrow\infty}\Psi(qrn)$ $\Psi(q)$ $P$ $Q$ 1
$(P\leq\iota Q)$ $Q$ $\Psi$
$(\forall q\in Q)[\Phi_{\Psi(q)}(q)\downarrow\in P]$
$r$ $\leq_{r}$ $(r\in\{s, w, b, 1\})$ ( )
$P\leq_{s}Q\Rightarrow P\leq bQ$ $P\leq\iota Q$
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$P\leq bQ$ $P\leq\downarrow Q\Rightarrow P\leq_{w}Q$
$P$ $Q$ $r$ $(P\equiv_{r}Q)$ $P\leq_{r}Q\leq_{r}P$
$dg_{r}(P)$ $P$ $\equiv_{r}$ $dg_{r}(P)=\{Q\subset\omega^{\omega}|$
$P\equiv_{r}Q\}$ $\{dgr(P)|P\subset\omega^{\omega}\}$ $r$ $\mathcal{D}_{r}$ $\mathcal{D}_{r}$ $\leq_{r}$
$P$ $\Pi_{1}^{0}$
$R\subset\omega^{<\omega}$ $P=\{p\in\omega^{\omega}|(\forall n\in\omega)[R(f[n)]\}$
$\{dg_{r}(P)|\emptyset\neq P\subset 2^{\omega}$ $P$ $\Pi_{1}^{0}\}$ $\mathcal{P}_{r}$
$r\in$ {s, w, b, 1} $\mathcal{P}_{r}$ 1, $0$
PA
PA
PA$\subset 2^{\omega}$ PA $\Pi_{1}^{0}$
$dg_{r}$ (PA) $=1$ [14].
$\Pi_{1}^{0}$ $P\subset 2^{\omega}$ $\vee$ )
dg$r(P)=0\Leftrightarrow P$
$Po,p_{1},$ $q\in\omega^{\omega}$ $n\in\omega$ $p0\oplus p_{1}\in\omega^{\omega}$ $x\in\omega$ $i\in\{0,1\}$
$(p0\oplus p_{1})(2x+i)=p_{i}(x)$ $nq\in\omega^{\omega}$ $(nq)(0)=n$ $(nq)(x+1)=q(x)$
$P,$ $Q\subset\omega^{\omega}$
$P\vee Q=\{p\oplus q|p\in P$ $q\in Q\}$
$nP=\{np|p\in P\}$
$P\wedge Q=0P\cup 1Q$
$\sup\{dg_{r}(P), dg_{r}(Q)\}=dg_{r}(P\vee Q)$ $\inf\{dg_{r}(P), dg_{r}(Q)\}=dg_{r}(P\wedge Q)$
$\mathcal{P}_{r}$
1 $0$ $\mathcal{L}$ $a,$ $b\in \mathcal{L}$
$\{x\in \mathcal{L}|\sup\{a, x\}\geq b\}$ $a\Rightarrow b$ $\mathcal{L}$
$\mathcal{L}$ $\mathcal{L}^{d}$
$a,$ $b\in \mathcal{L}$






$P,$ $Q\subset 2^{\omega}$ $\Pi_{1}^{0}$ $R\subset 2^{\omega}$ $P\vee R\geq_{r}Q$ $R$
$R’\not\geq_{r}R$ $P\vee R’\geq_{r}Q$
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$\Pi_{1}^{0}$ $R’\subset 2^{\omega}$ $P,$ $Q$ $p_{r}$
$\Pi_{1}^{0}$ $P,$ $Q\subset 2^{\omega}$ $\Pi_{1}^{0}$
$R\subset 2^{\omega}$ $P\wedge R\leq rQ$ $R$
$R’\not\leq_{r}R$ $P\wedge R’\leq_{r}Q$
$\Pi_{1}^{0}$ $R’\subset 2^{\omega}$ $P,$ $Q$ 1
$2^{\omega}$ $\Pi_{1}^{0}$ $T\subset\omega^{<\omega}$
$(\forall\sigma\in T)(\forall i<1h(\sigma))[\sigma ri\in T]$
$T\subset 2^{<\omega}$ $T$ $T\subset\omega^{<\omega}$ $[T]$
$T$ $[T]=\{f\in\omega^{\omega}|(\forall n\in\omega)[frn\in T]\}$
1 (See Alfeld[l]). $P\subset 2^{\omega}$ :
1. P $|$ $\Pi_{1}^{0}$ ;
2. $T_{P}\subset 2^{<\omega}$ $P=[T_{P}]$ ;
3. $\{T_{i}\}_{i\in\omega}$ $P= \bigcap_{i\in\omega}[T_{i}]$ ;
4. $\{T_{i}\}_{i\in\omega}$ $l\in\omega^{\omega}$
$P=[ \bigcup_{i\in\omega}T_{i}]$ $i\in\omega$ $L(T_{i})$ I $l(i)=L(T_{i+1})rl(i)$
$\Pi_{1}^{0}$ $P$ $P$
$T_{P}$ $T\subset\omega^{<\omega}$ $\lambda\in T$





$\Pi_{1}^{0}$ $P$ $\Pi_{1}^{0}$ $\{P_{n}\}_{n\in\omega}$
$P \bigwedge_{n\in\omega}P_{n}$
$P\wedge P_{n}=P$ $\cup\lambda(P;n)P_{n}$ , $\lambda(P;n)P_{n}=\{\lambda(P;n)p|p\in P_{n}\}$ ,
$n\in\omega$ $n\in\omega$
$e\in\omega$ $P \bigwedge_{n\in\omega\backslash \{e\}}P_{n}=P\cup\bigcup_{n\in\omega\backslash \{e\}}\lambda(P;n)P_{n}$
$\Pi_{1}^{0}$ $\{P_{n}^{0}\}_{n\in\omega},$ $\cdots$ , $\{P_{n}^{e+1}\}_{n\in\omega}$
$P \bigwedge_{n\in\omega}P_{n}^{0}\wedge\cdots\bigwedge_{n\in\omega}P_{n}^{e}\bigwedge_{n\in\omega}P_{n}^{e+1}=P\bigwedge_{n\in\omega}P_{n}^{0}\wedge\cdots\bigwedge_{n\in\omega}(P_{n}^{e}\bigwedge_{n\in\omega}P_{n}^{e+1})$




2 $S\subset 2^{\omega}$ re. ( )A, $B$
$S=\{f\in 2^{\omega}|f^{-1}(0)\supset A$ $f^{-1}(1)\supset B\}$
$\Pi_{1}^{0}$ $A,$ $B$
$\langle\cdot,$ $\cdot\rangle$ : $\omega\cross\omegaarrow\omega$ $\omega^{\omega}$ $\{f_{e}\}_{e\in\omega}$ $\oplus_{e\in\omega}f_{e}$
$( \forall e, x\in\omega)[(\bigoplus_{e\in\omega}f_{e})(\langle e, x\rangle)=f_{e}(x)]$
$e\in\omega$ $f_{e}\leq\tau\oplus_{n\in\omega}f_{n}$
$e\in\omega$ $\langle n,$ $x\rangle\in\omega$
$( \bigoplus_{m\in\omega\backslash \{e\}}f_{m})(\langle n, x\rangle)=\{\begin{array}{ll}f_{n}(x) n\neq e \text{ }0 \text{ }\end{array}$
2 (See Jockusch&Soare[4]). $\{S_{e}\}_{e\in\omega}$
$\{f_{e}\}_{e\in\omega}$
$(\forall e\in\omega)[f$ $\in S_{e}]$
$(\forall i\in\omega)[f_{i}\not\leq\tau \oplus f_{e}]$
$e\in\omega\backslash \{i\}$
$f\in s_{e}$ $n\neq e$ $s_{n}\not\leq_{w}\{f\}$ $S_{e}$
PA $\geq_{w}S_{i}$ $\{\oplus_{e\in\omega\backslash \{i\}}f_{e}\}\not\geq_{w}$ PA
3 $\mathcal{P}_{b}$
3. $\mathcal{P}_{b}$
Proof. $\Pi_{1}^{0}$ $P,$ $Q\subset 2^{\omega}$ $\Pi_{1}^{0}$ $\{R_{e}\}_{e\in\omega}$
:
$(\forall e\in\omega)[P\vee R_{e}\geq bQ]$ , (1)
$\Pi_{1}^{0}$ $R\subset 2^{\omega}$ $P\vee R\geq bQ$ $R$
$($ $e\in\omega)[R\not\leq_{b}R_{e}]$ . (2)
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$P_{e}=S_{(e},0 \rangle\bigwedge_{n\in\omega}S_{\langle e},1\rangle\bigwedge_{n\in\omega}\cdots\bigwedge_{n\in\omega}S_{\langle}$e,e $\rangle$ ,
$R_{e}=S_{(e,e+1\rangle}$ ,
$Q= PA\bigwedge_{n\in\omega}Q_{n}$
, $Q_{\langle i\rangle}e,=\{\begin{array}{ll}S_{i}\vee R_{e} i\leq e \text{ }(PA \bigwedge_{n\in\omega\backslash \{e\}}P_{n})\vee R_{e} i=e+1 \text{ }\emptyset \text{ }\end{array}$
(1) $e\in\omega$ $i\leq e$ $k_{i}$
: $p\oplus r\in\omega^{\omega}$ $\lambda($PA; $jo)\lambda(s_{(e,0);j_{1})\cdots\lambda(;j_{i})p^{f}=p}s_{\langle e,i-1\rangle}$
$j_{0},$ $\cdots,j_{i}\in\omega$ $\lambda(PA;\langle e, i\rangle)(p’\oplus r)$ $k_{e+1}$
: $p\oplus r\in\omega^{\omega}$ $\lambda(PA;\langle e, e+1\rangle)(p\oplus r)$
$b= \max\{k_{0}, \cdots, k_{e+1}\}$
$(\forall p\oplus r\in P\vee R_{e})(\exists k\leq b)[\Phi_{k}(p\oplus r)\downarrow\in Q]$
(1)
$R\subset 2^{\omega}$ $P\vee R\geq bQ$ $\Pi_{1}^{0}$ (2) $b\in\omega$
$(\forall p\oplus r\in P\vee R)(\exists e\leq b)[\Phi_{e}(p\oplus r)1\in Q]$
$R\not\leq_{b}R_{b+1}$ $r\in R_{b+1}$ $R\not\leq_{w}\{r\}$
$r\in R_{b+1}$ $R\not\leq_{w}\{r\}$ $r’\in R$
$r’\leq\tau r$
$p_{0}\in\lambda(PA;b+1)S_{\langle b+1,0\rangle}$
$e0\leq b$ $\Phi_{e0}(p0\oplus r^{J})\downarrow\in Q$ $\Phi_{e0}(p0\oplus r’)\leq\tau$
$p\oplus r$ $\lambda(PA;\langle b+1,0\rangle)\subset\Phi_{e_{0}}(p0\oplus r’)$ $\sigma_{0}\subset p_{0}$
$f\in[\sigma 0]$ $(=\{g\in 2^{\omega}|g\square lh(\sigma 0)=\sigma 0\})$
$(\forall j< lh(\lambda(PA;\langle b+1,0\rangle)))[\Phi_{e_{0}}(f\oplus r’)(j)\downarrow=\lambda(PA;\langle b+1,0\rangle))(j)]$
$i_{0}\in\omega$ $\sigma_{0}\subset\lambda(PA;b+1)\lambda(S_{\langle b+1,0\rangle};i_{0})$
$p_{1}\in\lambda(PA;b+1)\lambda(S_{\langle b+1,0\rangle};i_{0})S_{\langle b+1,1\rangle}$
$e_{1}\leq b,$ $\sigma_{1}\subset p_{1},$ $i_{1}\in\omega$
$\lambda(PA;\langle b+1,1\rangle)\subset\Phi_{e_{1}}(p_{1}\oplus r’)$ ,
$(\forall f\in[\sigma_{1}])(\forall j< lh(\lambda(PA;\langle b+1,1\rangle)))[\Phi_{e_{1}}(f\oplus r’)(j)\downarrow=\lambda(PA;\langle b+1,1\rangle))(j)]$ ,
$\sigma_{1}\subset\lambda(PA; b+1)\lambda(S_{\langle b+1,0\rangle};i_{0})\lambda(S_{(b+1,1\rangle};i_{1})$
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$\lambda(PA;\langle b+1,0\rangle)$ $\lambda(PA;\langle b+1,1\rangle))$
$e_{0}\neq e_{1}$
$e_{0},$ $e_{1},$ $\cdots,$ $e_{b+1}\leq b$
$b$ $b+1$ $R\not\leq_{w}\{r\}$
4. $\mathcal{P}_{b}$
Proof. $\Pi_{1}^{0}$ $P,$ $Q\subset 2^{\omega}$ $\Pi_{1}^{0}$ $\{R_{e}\}_{e\in\omega}$
:
$(\forall e\in\omega)[P\wedge R_{e}\leq bQ]$ , (3)
$\Pi_{1}^{0}$ $R\subset 2^{\omega}$ $P\wedge R\leq bQ$ $R$
$($ $e\in\omega)[R\not\geq bR_{e}]$ . (4)







$($ $\sigma\in 2^{<\omega})[Q_{b}=\sigma(P\vee S_{b+1})]$ (5)
$(\forall q\in\lambda(PA;b)Q_{b})(\forall e\leq b)[\neg(\Phi_{e}(q)\downarrow\in 0P)]$ . (6)
$Q_{b}$ : $Q_{b}$ $T$ $s\in\omega$ $T\cap 2^{s}$
$x(s)\in\omega$ $\sigma(s)\in 2^{<\omega}$ $2^{s}$ $s$
$0$ . $T\cap 2^{0}=\{\emptyset\},$ $x(O)=0,$ $\sigma(0)=\emptyset$
$s+1$ .
$(\exists\sigma\in T\cap 2^{s})($ $e\leq b)($ $\tau\in(0T_{P})\cap 2^{x(s)+1})(\forall i\leq x(s))[\Phi_{e,s}(\lambda(PA;b)\sigma)(i)\downarrow=\tau(i)]$ (7)
$\sigma\in T\cap 2^{s}$
$T\cap 2^{s+1}=\{\sigma 0\}$ , $x(s+1)=x(s)+1$ , $\sigma(s+1)=\sigma O$
$T\cap 2^{s+1}=(\sigma(s)T_{P\vee S_{b+1}})\cap 2^{s+1}$ , $x(s+1)=x(s)$ , $\sigma(s+1)=\sigma(s)$
$\sigma(s)T_{P\vee s_{b+1}=}\{\sigma(s)\tau|\tau\in T_{P\vee S_{b+1}}\}$
$s$




$e\leq b$ (7) $e$ (7)
$\Phi(\lambda(PA;b)\sigma)\in P$ $\Phi(\lambda(PA;b)\sigma)$ $P$
$x,$ $\sigma$ (5) (6)
(3) $e\in\omega$ $Q_{e}$ (5) $\sigma\in 2^{<\omega}$ $k_{0}$
: $q\in\omega^{\omega}$ $1q$
$k_{1}$ : $q\in\omega^{\omega}$ $\lambda(PA;e)\sigma(p\oplus r)=q$
$p,$ $r$ $Op$ $b= \max\{k_{0}, k_{1}\}$
$(\forall q\in Q)(\exists i\leq b)[\Phi_{i}(q)\downarrow\in P\wedge R_{e}]$
$\Pi_{1}^{0}$ $R\subset 2^{\omega}$ $P\wedge R\leq bQ$ $R$ (4)
$b\in\omega$
$(\forall q\in Q)($ $e\leq b)[\Phi_{e}(q)\downarrow\in P\wedge R]$
$R\not\geq bR_{b}$ $q\in\lambda$(PA; $b$) $Q_{b}$ (6) $r\in R$
$q\geq\tau r$ 2 $\{q\}\not\geq_{w}R_{b}$ $\{r\}\not\geq_{w}R_{b}$ .
$R\not\geq bR_{b}$
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